Effective Field Theory of a Locally Noncommutative Space-Time and Extra
  Dimensions by Mirza, B. & Zarei, M.
ar
X
iv
:0
80
3.
02
32
v1
  [
he
p-
th]
  3
 M
ar 
20
08
Effective Field Theory of a Locally
Noncommutative Space-Time and Extra
Dimensions
B. Mirza 1 and M. Zarei 2
Department of Physics, Isfahan University of Technology, Isfahan 84156-83111, Iran
Abstract
We assume that the noncommutativity starts to be visible continuously from
a scale ΛNC . According to this assumption, a two-loop effective action is derived
for noncommutative φ4 and φ3 theories from a Wilsonian point of view. We
show that these effective theories are free of UV/IR mixing phenomena. We also
investigate the positivity constraint on coefficients of higher dimension operators
present in the effective theory. This constraint makes the low energy theory to
be UV completion of a full theory. Finally, we discuss noncommutativity and
extra dimensions. In our effective theories formulated on noncommutative extra
dimensions, if the campactification scale Λc is less than the scale ΛNC , the theory
will not suffer from UV/IR mixing.
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1
1 Introduction
Models of noncommutative space-time have become increasingly popular recently and
are believed to be reasonable candidates for Planck scale physics. The main idea is that
in the scales where quantum theory and general relativity are no longer independent,
the notion of a point in space-time becomes meaningless and a finite minimal length
or uncertainty relation will have to be postulated for the coordinate functions in order
to prohibit the localization of points with arbitrary high precision. Models with un-
certainty relations are usually implemented by considering noncommutative coordinate
operators: [xµ, xν ] = iθµν where θµν is a real and antisymmetric tensor and is of di-
mension (mass)−2. Field theories on noncommutative space-time have received a great
deal of attention, not least because they arise naturally in a particular Seiberg-Witten
limit [1] of string theory (see [2, 3]) for reviews. Noncommutative field theories are con-
structed from conventional (commutative) field theory by replacing in the Lagrangian
the usual multiplication of fields with the ⋆-product of fields,
(ϕ ⋆ ϕ)(x) = ϕ(x)e
i
2
θµν
←−
∂ µ
−→
∂ νϕ(x) (1)
The parameter θµν then appears in the vertices of perturbation theory and defines
a second mass scale in the theory, called noncommutativity scale ΛNC . In general, for
any noncommutative field theory, the loop diagrams can be classified into the so-called
“planar” and “non-planar” graphs where the planar part of diagrams show the same
UV divergence structure as the corresponding commutative theory, while the non-planar
pieces are UV finite. It is natural to ask whether these theories are renormalizable. The
UV renormalizability of noncommutative field theories have been investigated using
counter term [4, 5, 6, 7] and using Wilson-Polchinski method [8, 9, 10]. On the other
hand, perturbation calculations show the noncommutative field theories to be afflicted
from an endemic nontrivial mixing of ultraviolet (UV) and infrared (IR) divergences
[11]. As a consequence, the Wilsonian approach to field theory seems to break down.
Here the high energy modes of the noncommutative theory can not be decoupled be-
cause integrating out high energy degrees of freedom produces unexpected low energy
divergences induced in the infrared operators of negative dimension [11, 12]. Generally
speaking, in every quantum field theory formulated on a noncommutative space-time,
we will have problems defining low energy Wilsonian effective action since UV and IR
scales do not decouple. This lack of decoupling of different scales in the theory might
pose serious problems for phenomenology, since noncommutative effects can show up at
low energies interfering with standard model predictions [12, 13, 14]. However, the ordi-
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nary soft and collinear divergences are decoupled from noncommutative IR divergences
and there is no mixing between them [15]. Recently the renormalizability of noncom-
mutative field theories have been investigated by introducing a harmonic oscillatory
term in the free part of Lagrangian. [16, 17, 18, 19]. Here in this work, we propose a
new approach to recover the Wilsonian effective action. Our main assumption is that
there is an infrared cut-off ΛNC under which noncommutativity can not be probed and
space-time becomes commutative continuously. At energies below ΛNC , physics of all
degrees of freedom is governed by a commutative theory. The scale ΛNC can be equal
to the scale of validity of an ordinary quantum field theory description of nature that is
probably around (1−100)TeV [20]. So we can probe a truly noncommutative behavior
only in the range ΛNC < k < Λ0. Here, the ultraviolet cut-off Λ0 is the scale beyond
which the gravitational effects are comparable to those of the rest of the fundamental
interactions, i.e. Λ0 ∼ MP (Planck mass). Beyond the scale Λ0, the noncommutative
theory breaks down and physics is sensitive to the UV completion of the theory. Now
the Wilsonian effective action can be obtained for noncommutative φ4 and φ3 by in-
tegrating out the noncommutative high energy fields. The feature of these effective
theories is that they are free from noncommutative IR divergences or UV/IR mixing.
These results can be extended to all orders of g. In the last section, we will discuss
the noncommutative extra dimension by employing the φ3 example on R1,3 × T 2θ . The
paper is organized as follows: In section 2, we will first review the renormalizability of
noncommutative φ4 theory using Wilson-Polchinski method. Section 3 is devoted to a
detailed analysis of deriving Wilsonian effective action for noncommutative φ4 and φ3
theories. We also discus the positivity constraint [21] on coefficients of higher dimen-
sional terms. In section 4, we discuss the noncommutative extra dimensions and how
the UV/IR mixing can be canceled out in the perturbation calculation.
2 Renormalizability of the noncommutative φ4 the-
ory
In this section we first review the renormalization of noncommutative φ4 theory [8, 9, 10]
using the Wilsonian flow equation formulated by Polchinski [22, 23]. Then we will have
a short review of Grosse and Wulkenhaar method [16, 17, 18, 19]. At first our starting
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point is the path integral
Z[J ] = eW [J ] =
∫
Dφ exp
{
−1
2
∫
d4p
(2π)4
φ(p)D−1φ(−p)− Sint[φ]
+
∫
d4p
(2π)4
φ(p)J(−p)
}
(2)
where
Sint =
1
4!
g
∫
d4p
(2π)4
φ ⋆ φ ⋆ φ ⋆ φ,
D(p) = (p2 +m2)−1 (3)
Due to star product of fields, the Feynman rules for the interaction vertex changes to
Γ(4)(p1, p2, p3, p4) = g
2h(p1, p2, p3, p4)
≡ g
2
3
[
cos(
1
2
p1θp2) cos(
1
2
p3θp4) + cos(
1
2
p1θp3) cos(
1
2
p2θp4)
+ cos(
1
2
p1θp4) cos(
1
2
p2θp3)
]
(4)
Working with this vertex leads to some problems. For instance, consider the one loop
mass correction
ΣΛ0(p) = −
g2
6
∫
d4q
(2π)4
Θ(Λ20 − q2)
1
q2 +m2
[
2 + cos(q · p˜) ]
= − g
2
32π2
[ 2
3
Λ20 +
4
3 p˜2
(
1− J0(Λ0 p˜)
)]
, (m2 ≪ min{Λ20, 1/p˜2}) (5)
where p˜µ ≡ θµνpν . In equation (5), the second term is contributed by the non-planar
graphs containing an extra phase factor and a new kind of IR divergence induced by
the effective UV cut-off (UV/IR mixing) arising from this term [11]. To get the RG
equation, we first introduce an UV and IR cut-offs Λ0 and Λ into the theory by making
the following substitution
D(p)→ DΛ,Λ0(p) ≡ D(p)KΛ,Λ0(p) (6)
where KΛ,Λ0(p) is equal to one in the region Λ
2 < p2 < Λ20 and vanishes rapidly outside.
The substitution above defines ZΛ,Λ0 and WΛ,Λ0, the generating functionals of Green
functions in which only momenta between Λ and Λ0 have been integrated out. By
means of a simple recipe given in [8, 9, 10], we obtain the RG equation for a given
Green function. These equations form an infinite system of coupled ordinary differential
equations. As an example, the evolution equation for self-energy is given by
Λ
∂
∂Λ
ΣΛ,Λ0(p) =
1
2
∫
d4q
(2π)4
SΛ,Λ0(q)
q2 +m2
Γ4Λ,Λ0(q, p,−p,−q) (7)
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Where
SΛ,Λ0(q)
q2 +m2
≡ Λ ∂
∂Λ
1
(q2 +m2)KΛ,Λ0(q)
−1 + ΣΛ′,Λ0(q)
∣∣∣∣
Λ′=Λ
,
=
1
q2 +m2
1[
1 +
ΣΛ,Λ0 (q)
q2+m2
KΛ,Λ0(q)
]2Λ ∂∂ΛKΛ,Λ0(q) (8)
In order to study the UV renormalization, the relevant couplings i.e. those with
non-negative mass dimensions, have to be isolated. They are
γ2(Λ) ≡ dΣΛ,Λ0(p)
dp2
∣∣∣∣
p2=p2
0
, γ3(Λ) ≡ ΣΛ,Λ0(p)|p2=p2
0
, γ4(Λ) ≡
Γ4Λ,Λ0(p¯1, . . . , p¯4)
h(p¯1, ..., p¯4)
(9)
where the momentum p¯i is chosen such that p¯i · p¯j = p20(δij − 14) in which p20 is the
renormalization scale. The two- and four-point function can be rewritten as
ΣΛ,Λ0(p) = γ3(Λ) + (p
2 − p20)γ2(Λ) + ∆2Λ,Λ0(p)
Γ4Λ,Λ0(p1, . . . , p4) = γ4(Λ) + ∆
4
Λ,Λ0(p1, . . . , p4) (10)
where ∆2Λ,Λ0 and ∆
4
Λ,Λ0
are irrelevant operators with all Γ2nΛ,Λ0’s with n ≥ 2. Integrating
RG equations with respect to cut-off parameter from 0 to Λ for the relevant operators
and from Λ to Λ0 for irrelevant operators leads to a set of coupled integral equations
with the boundary conditions
γ2(0) = 0, γ3(0) = p
2
0, γ4(0) = g
2 (at physical point Λ = 0) (11)
and
∆2Λ0,Λ0(p) = ∆
4
Λ0,Λ0(p1, . . . , p4) = Γ
2n
Λ0,Λ0(p1, . . . , p2n) = 0 (n > 2) (12)
The above boundary conditions indicate the renormalization conditions. For in-
stance, at one loop, the relevant and irrelevant couplings of the two-point functions
contribute as in the following:
γ3(Λ) = − g
2
32π2
[
2
3
Λ2 +
4
3p˜20
(1− J0(Λp˜0))
]
, (13)
γ2(Λ) =
g2
24π2
1
p20p˜0
2
[
1− J0(Λp˜0)− Λp˜0
2
J1(Λp˜0)
]
, (14)
∆2Λ,Λ0 =
g2
24π2
{
J0(Λp˜)− J0(Λ0p˜)
p˜2
− J0(Λp˜0)− J0(Λ0p˜0)
p˜0
2
p2 − p20
p20p˜0
2
[
J0(Λp˜0)− J0(Λ0p˜0) + Λp˜0
2
J1(Λp˜0)− Λ0p˜0
2
J1(Λ0p˜0)
]}
. (15)
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The proof of renormalizability is based on the scaling behavior of relevant and ir-
relevant operators. In order to simplify the power counting, we assume the following
relations to hold between scales,
p˜Λ0 ≫ 1 , ΛNC ≪ Λ≪ Λ0 (16)
The UV renormalizability can be proved using induction at any order of perturbation.
At one-loop level, the UV cut-off Λ0 is removed from operators [8, 9, 10]. Now at l-
loop, we assume the Λ0-independent scaling using power law behavior for operators; for
example,
γ
(l)
2 ∼ γ(l)4 ∼
∣∣∆4(l)∣∣Λ = O(1) , γ(l)3 ∼
∣∣∆2(l)∣∣Λ = O(Λ2) (17)
Using the renormalization group equation, it can be shown that at (l+1)-loop, the rele-
vant and irrelevant couplings are finite in the Λ0 →∞ (UV) limit. So the perturbation
renormalizability at any order in perturbation theory is proved. On the other hand,
when the IR region (p˜Λ0 ≪ 1) comes under scrutiny, the Wilsonian picture breaks down
because of the UV/IR phenomena, and the low energy predictions under the scale ΛNC
Λ0
become highly sensitive to the details of the ultraviolet sector of the theory. In order to
write down a Wilsonian effective action which correctly describes the low momentum
behavior of the theory, one may add a new degree of freedom χ to the commutative
action [11]. Then, the modified Wilsonian action gets the following form
S ′eff (Λ) = Seff (Λ) +
∫
d4x
(1
2
(∂˜χ)2 +
1
2
Λ2(∂˜ 2χ)2 + i
1√
96π
gχφ
)
(18)
Integrating out the new mode in the region p˜Λ0 ≪ 1 gives the quadratic infrared
singularity 1
p˜2
appearing in the self energy diagrams (5) [8, 9, 10, 11].
There is also a new approach developed by Grosse and Wulkenhaar in [16, 17, 18, 19]
where it is shown that noncommutative four dimensional field theories are renormal-
izable to all orders of perturbation. This method also is a solution to UV/IR mixing
problem. This work is performed by adding a new harmonic oscillator term to the free
part of the action,
S(φ) =
∫
d4x
(
∂µφ ⋆ ∂
µφ+
Ω2
2
(x˜µφ) ⋆ (x˜
µφ) +
m2
2
φ ⋆ φ
)
where x˜µ = 2(θ
−1)µνx
ν and Ω is a dimensionless constant. This additional new term
causes that the theory to be invariant under a sort of duality transformation between
positions and momenta at Ω = 1 (away from this special point, it is more precise to say
that the model is covariant) [24]. A main difference between this theory and ordinary
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noncommutative theories is that a free particle is affected by noncommutativity of
space-time i.e. its propagator and also dispersion relation are modified without any
interaction. In momentum space, working with this theory and specially deriving the
propagators is quite hard and is done only in a matrix representation form. Although
if one work in a x-space formalism [25], it seems that to some extent, this cumbersome
theory is simplified.
In the following section, we explain a new idea which is a physical realization of
mathematical view point of reference [26] and derive an effective action. However, in
this paper we do not use a Minkowski space-time and perform our calculation with a
Euclidean signature. In this method we introduce a scale where space starts to be non-
commutative, and by integrating out the noncommutative fields with momenta beyond
this scale, we get an effective theory which is free from UV/IR mixing. The harmonic
oscillator term Ω
2
2
(x˜µφ) ⋆ (x˜
µφ) does not change our result because the integration do-
main begins from a scale where beyond it this term become irrelevant. So we only use
the usual noncommutative field theory as we only need to integrate out high energy
modes.
3 Noncommutative Wilsonian effective action
3.1 φ4 theory
In ordinary field theory, low-energy dynamics (large distances) does not depend on
details of high energy dynamics (short distance). Using Wilson’s method, one can
decouple the high energy modes and obtain an effective field theory which has the
same infrared behaviour as the underlying fundamental theory. In noncommutative
field theory, the high energy modes are not decoupled because of UV/IR phenomena
and the Wilsonian approach to effective field theory seems to break down. However,
making a new assumption we start to rederive a well-behaved Wilsonian effective action
for noncommutative φ4 and φ3 theories. At first, we turn to noncommutative φ4 and
write the generating functional for it in the d-dimensional Euclidean space. Here we
consider the Grosse-Wulkenhaar term,
Z =
∫
Dφ exp
(
−
∫
ddx
[1
2
∂µφ∂
µφ+m2φ2+
Ω2
2
(x˜µφ)⋆ (x˜
µφ)+
1
4!
gφ⋆φ⋆φ⋆φ
])
(19)
We now divide the integration variables φ(k) into two groups, those with |k| < Λ =
ΛNC and those with Λ = ΛNC ≤ |k| < Λ0. The main assumption in our calculation
is to suppose that the noncommutative behaviour can be detected in the range of
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energies beyond ΛNC and that below this scale the theory becomes to be continuously
commutative . So we define the fields φ with the momentum |k| < ΛNC to have an
ordinary (commutative) behavior and the fields φˆ with the momentum ΛNC ≤ |k| < Λ0
to have noncommutative behavior. Then we can replace the old field φ by φ+ φˆ.
The Eq.(19) without the harmonic oscillator term is given by,
Z =
∫
Dφ
∫
Dφˆ exp
(
−
∫
ddx
[1
2
(∂µφ+ ∂µφˆ)
2 +
1
2
m2(φ+ φˆ)2 +
1
4!
g(φ+ φˆ)4⋆
])
(20)
Here by expanding the terms in (20), a new problem will appear. Because of previous
assumptions about φ and φˆ we can write
φ ⋆ φ = φφ
φ ⋆ φˆ = φφˆ
φˆ ⋆ φˆ = φˆ ⋆ φˆ (21)
i.e. the product becomes commutative one whenever one of fields which is being multi-
plied has a momentum which is less than the noncommutative scale. The ambiguity is
appeared when for example we consider a product such as (φ+ φˆ) ⋆ (φ+ φˆ) ⋆ (φ + φˆ).
Since
(φ+ φˆ) ⋆ [(φ+ φˆ) ⋆ (φ+ φˆ)] = [(φ+ φˆ) ⋆ (φ+ φˆ)] ⋆ (φ+ φˆ) (22)
it does not matter which one we take to expand. If we expand the left side so the terms
that are linear in φˆ are
φ ⋆ (φ ⋆ φˆ)
φ ⋆ (φˆ ⋆ φ)
φˆ ⋆ (φ ⋆ φ) (23)
The first two can be evaluated easily according to the rule above and give φ2φˆ. However
the last one gives
φˆ ⋆ (φ ⋆ φ) = φˆ ⋆ (φ2) (24)
Now the modes in φ2 will have momentum which is a sum of those coming from the
two φ’s. So even if φ contain only modes with low momentum, the φ2 will contain
modes with momentum larger than the scale ΛNC and so one can not assume φ
2 has
commutative behavior.
In order to solve this ambiguity it seems that in a more fundamental treatment we
must find a symmetry breaking mechanism to deal with the high and low energy modes.
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However, in lack of such a theory we may continue with some approximations in our
calculations. For example, in the terms such as φ2 we can approximately ignore some
modes whose momentum become larger than ΛNC in comparison with high momentum
modes of φˆ and then we have,
Z =
∫
Dφe−
R
L(φ)
∫
Dφˆ exp
(
−
∫
ddx
[1
2
(∂µφˆ)
2 +
1
2
m2φˆ2 +
Ω2
2
(x˜µφˆ) ⋆ (x˜
µφˆ)
+g (
1
6
φ3φˆ+
1
4
φ2φˆ ⋆ φˆ+
1
6
φ φˆ ⋆ φˆ ⋆ φˆ+
1
4!
φˆ ⋆ φˆ ⋆ φˆ ⋆ φˆ)
])
(25)
where L(φ) is the commutative Lagrangian. Now we can ignore the Ω2
2
(x˜µφˆ) ⋆ (x˜
µφˆ)
term since this term is highly irrelevant in short distances or equivalently in energies
above ΛNC.
Integrating out all φˆs with the momentum ΛNC ≤ |k| < Λ0, transforms (25) into the
following form
Z =
∫
Dφe−Seff (φ;ΛNC) (26)
where Seff (φ; ΛNC) is the deformed Wilsonian effective action. The corresponding
Lagrangian density will finally be rewritten as follows:
Leff(φ; ΛNC) = 1
2
Z(ΛNC)∂µφ∂
µφ+
1
2
m2(ΛNC)φ
2 +
1
4!
g(ΛNC)φ
4
+
∑
i
Cn,d,i(ΛNC)On,d,i (27)
where the terms On,d,i are all irrelevant local operators with the dimension D = 2n+d ≥
6 and consist of all the terms that can be constructed out of an even number 2n of φ
fields with d number of derivatives acting on them. The index i keeps track of operators
with the same values of n and d that are not equivalent after integration by parts. We
will show explicitly the dependence of coefficients Z ,m2, g and Cn,d,i’s on the noncom-
mutative parameter θ. The crucial feature of (27) is that the UV/IR mixing problem
is solved naturally in it. Also the coefficients Cn,d,i satisfy the positivity constraint dis-
cussed in [21] in order for the low energy effective theory to be UV complete into a full
theory. Now before turning to calculation parameters, note that we assume m2 ≪ Λ2NC
and treat the mass term 1
2
m2φˆ as a perturbation. To perform the perturbation calcula-
tion, we expand the exponential and use the Wick’s theorem. In a Feynman diagrams
approach, the fields φ just contribute as an external line and the fields φˆ contribute via
internal lines and its propagator is defined as the commutative ones,
〈
φˆ(p)φˆ(k)
〉
=
1
k2
(2π)dδd(k + p)Θ(k) (28)
(a)
k
q
(c)(b)
q
k
p
k
p
q
q+p
Figure 1: Two external line diagrams
where
Θ(k) =
{1 if ΛNC≤|k|<Λ0
0 otherwise
(29)
The diagrams that must be evaluated for the case of the two external lines are drawn
up to order g2 in Fig. 1. The thin line represents the external fields φ and the dark line
shows the internal fields φˆ.
First, we calculate Fig. 1a resulting from expansion of φ2φˆ2 term in the exponent
(25). We have
−1
2
∫
ddx µ1 φ
2 (30)
Where
µ1 =
g
2
∫
ddq
(2π)d
1
q2
=
π
d
2 g
(2π)dΓ(d
2
)
1
d− 2
(
Λd−20 − Λd−2NC
)
(31)
The second diagram (Fig. 1b) results from the term (φ2φˆ ⋆ φˆ)(φˆ ⋆ φˆ ⋆ φˆ ⋆ φˆ). Then for
this diagram we have
−1
2
∫
ddx µ2 φ
2 (32)
Where
µ2 =
1
2
g2
4!
∫
ddp
(2π)d
1
p2
∫
ddq
(2π)d
1
(q2)2
=
1
2
1
4!
( 2π d2 g
(2π)dΓ(d
2
)
)2 1
d− 2
1
d− 4
(
Λd−20 − Λd−2NC
)(
Λd−40 − Λd−4NC
)
(33)
In the same way, for the remaining diagram (Fig. 1c) we will have
Fig. 1c = −1
2
∫
ddx µ3 φ
2 (34)
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pp
(a)
p
p q
q
(b) (c)
Figure 2: Four external line diagrams
where using the table of integrals [27], calculations will yield:
µ3=
(g
6
)2 ∫ ddp
(2π)d
1
p2
∫
ddq
(2π)d
1 + cos p θq
q2(q + p)2
=
(g
6
)2[ F(1, 1) + G(1, 1; θ) ] (35)
The functions F(1, 1) and G(1, 1; θ) can be found in the appendix A. In the above equa-
tion, the factor cos(pθk) is arising from Feynman rules derived from noncommutative
φˆ3 vertex. Note that at this stage, in Fig. 1c, we have considered the limit in which
the external momenta carried out by the factors φ are very small compared to ΛNC and
they can, therefore, be ignored. The coefficients µi give corrections to the m
2 term in
L along the following lines:
m2(ΛNC) = m
2(Λ0) + µ1 + µ2 + µ3
= m2(Λ0)
+
2π
d
2 g(Λ0)
(2π)dΓ(d
2
)
1
d− 2
(
Λd−20 − Λd−2NC
)
+
1
2
1
4!
( 2π d2 g(Λ0)
(2π)dΓ(d
2
)
)2 1
d− 2
1
d− 4
(
Λd−20 − Λd−2NC
)(
Λd−40 − Λd−4NC
)
+
g2(Λ0)
36
[ F(1, 1) + G(1, 1; θ) ] (36)
Let us now evaluate the diagrams with four external lines, up to order g3 as drawn
in Fig. 2. The first loop diagram is contributed as follows
Fig. 2a = − 1
4!
∫
ddx ζ1 φ
4 (37)
where
11
ζ1 = 4!
(g
4
)2 ∫ ddp
(2π)d
1
(p2)2
=
3π
d
2 g2
(2π)dΓ(d
2
)
1
d− 4
(
Λd−40 − Λd−4NC
)
=
3g2
16π2
log
Λ0
ΛNC
(d→ 4) (38)
Similarly, for the remaining two loop diagrams, we have
Fig. 2b = − 1
4!
∫
ddx ζ2 φ
4 (39)
where
ζ2=
g3
16
∫
ddp
(2π)d
1
(p2)2
∫
ddp
(2π)d
1
(p2)2
=
g3
4
[ π d2 g2
(2π)dΓ(d
2
)
1
d− 4
(
Λd−40 − Λd−4NC
) ]2
(40)
and
Fig. 2c = − 1
4!
∫
ddx ζ3 φ
4 (41)
with
ζ3=
g3
12
∫
ddp
(2π)d
1
(p2)2
∫
ddq
(2π)d
1 + cos p θq
q2(q + p)2
=
g3
12
[ F(2, 1) + G(2, 1; θ) ] (42)
The coefficients ζ1, ζ2 and ζ3 give a nonzero correction to g,
g(ΛNC) = g(Λ0) + ζ1 + ζ2 + ζ3
= g(Λ0) +
3π
d
2 g2(Λ0)
(2π)dΓ(d
2
)
1
d− 4
(
Λd−40 − Λd−4NC
)
+
g3
4
[ π d2 g2
(2π)dΓ(d
2
)
1
d− 4
(
Λd−40 − Λd−4NC
) ]2
+
g3
12
[ F(2, 1) + G(2, 1; θ) ] (43)
Dependence of the factors m2 and g to the noncommutative parameter θ comes from
G(n,m; θ). This function has a complicate form but for d = 4, after performing the
summation on r it is possible to see explicitly the soft behaviour of this function in
12
(a) (b) (c) (d)
Figure 3: Six external line diagrams
the limit θ → 0. So the loop calculation is free of noncommutative IR divergences or
UV/IR mixing which is expected as a result of maintaining the assumption that non-
commutative effects appear to be visible from the scale ΛNC . Following this formalism,
one can extend these results to arbitrary orders of perturbation theory. We now turn to
terms with higher orders of φ. For instance, the dominant contribution to C6,d,i(ΛNC)
is given by one and two loop diagrams with six external lines, (See Fig. 3). Calculating
these diagrams, we find the coefficients C6,d,i(Λ) with a negative mass dimension. In
this part, the diagrams in Fig. 3 are calculated,
Fig. 3a = − 1
6!
∫
ddxλ1φ
6 (44)
Fig. 3b = − 1
6!
∫
ddxλ2φ
6 (45)
Fig. 3c = − 1
6!
∫
ddxλ3φ
6 (46)
Fig. 3d = − 1
6!
∫
ddxλ4φ
6 (47)
Where λ1,...,λ4 are defined as follows
λ1 ≡ C6,0,1 = 6!(g
4
)3
∫
ddq
(2π)d
(
1
q2
)3
= 6!(
g
4
)3
2π
d
2
(2π)dΓ(d
2
)
1
d− 6 (Λ
d−6
0 − Λd−6NC ) (48)
λ2 ≡ C6,0,2 = 2.6! g
4
4!43
∫
ddp
(2π)d
1
(p2)2
∫
ddq
(2π)d
1
(q2)3
= 2.6!
g4
4!43
( 2π d2
(2π)dΓ(d
2
)
)2 1
d− 4
1
d− 6 (Λ
d−4
0 − Λd−4NC )(Λd−60 − Λd−6NC ) (49)
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λ3 ≡ C6,0,3 = 5
2
g4
∫
ddp
(2π)d
1
(p2)3
∫
ddq
(2π)d
1 + cos p θq
q2(q + p)2
=
5
2
g4
[ F(3, 1) + G(3, 1; θ) ] (50)
λ4 ≡ C6,0,4 = 5
2
g4
∫
ddp
(2π)d
1
(p2)2
∫
ddq
(2π)d
1 + cos p θq
(q2)2(q + p)2
=
5
2
g4
[ F(2, 2) + G(2, 2; θ) ] (51)
In addition to terms with the coefficient Cn,0,i(ΛNC), i.e, the terms with nonderiva-
tive higher power of φ, the higher derivative terms could contribute to the effective
Lagrangian. These terms arise in a more exact treatment when we stop neglecting the
external momenta of the diagrams. For instance, expanding φ in (25), we could obtain
the following terms:
∫
ddx η1φ(∂φ)
3 ,
∫
ddx η2φ
2(∂φ)2 ,
∫
ddx η3(∂φ)
4 , . . . (52)
In general, the procedure of integrating out the fields φˆ generate all possible interac-
tions of the fields and their derivatives. The coefficients η1, η2, η3, ... are proportional
to
η1, η2, η3, ... ∝ ζ1 + ζ2 + ζ3 (53)
Usually only nonderivative higher dimensional operators are considered, while higher
derivatives are less studied or less popular due to the many difficult issues involved:
either unitarity or causality violation, non-locality and presence of ghost fields with
superluminal velocity [21, 28, 29, 30]. As already discussed in [21], one can put a
positivity constraint on higher order irrelevant operators in order for the low energy
effective theory to be UV complete into a full theory correctly. At one loop level, we
see this positivity satisfied for the non-derivative terms and we have,
Cn,d,i > 0 (54)
We must note that the positivity constraint is different from other familiar positivity
constrains that follow from vacuum stability (for example, the positivity of the kinetic
term and also m2φ2 and gφ4 couplings). The effective models with irrelevant terms
and a negative sign can not arise as a low energy limit of any familiar UV-complete
theories. The positivity constraint at least at one loop level is satisfied for the irrelevant
derivative terms as is explicit from (38) and the fact (48).
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3.2 φ3 theory
We repeat the computations performed above for noncommutative φ3 theory whose
generating functional in d-dimensional Euclidean space is
Z =
∫
Dφ exp
(
−
∫
ddx
[ 1
2
∂µφ∂
µφ+
1
2
m2φ2 +
1
3!
gφ ⋆ φ ⋆ φ
])
(55)
It can be shown that in six dimensions the 1PI two point function receives contri-
bution from a one loop nonplanar diagrams for p˜Λ0 ≪ 1 and gets the one loop effective
action as [11]
Seff =
∫
d6p
1
2
(
p2 +M2 − g
2
2 8π2p˜2
+
g2
3 · 2 9π3 (p
2 + 6M2) ln(
1
M2p˜2
) + · · ·
)
φ(p)φ(−p) (56)
Where M2 is the mass renormalized by the planar diagram. The quadratic IR
divergence can be interpreted again in terms of new degrees of freedom χ as in [11]. In
spite of this, we try to rederive Wilsonian effective action from our new formalism. So,
as in φ4 theory, we divide the variables into commutative fields φ and noncommutative
fields φˆ. Then using the similar discussions of the previous section, (55) gets the form,
Z =
∫
Dφe−
R
L(φ)
∫
Dφˆ exp
(
−
∫
ddx
[ 1
2
(∂µφˆ)
2 +
1
2
m2φˆ ⋆ φˆ
+g (
1
2
φ φˆ ⋆ φˆ+
1
2
φ2φˆ+
1
3!
φˆ ⋆ φˆ ⋆ φˆ)
])
(57)
Integrating out the high momentum noncommutative degrees of freedom φˆ, we obtain
the Wilsonian effective action Seff(φ; ΛNC) with the corresponding Lagrangian density,
Leff(φ; ΛNC)= 1
2
Z(ΛNC)∂µφ∂
µφ+
1
2
m2(ΛNC)φ
2 +
1
3!
g(ΛNC)φ
3
+
∑
i
Cn,d,i(ΛNC)On,d,i (58)
We can expand the exponential and use Wick’s theorem, to define the propagator
and find Feynman rules. The fields φˆ contribute to internal lines and its propagator will
be the same as (28). The diagrams with two, three, and four external lines are drawn
in Figs. 4,5 and 6 respectively. Here we present the expressions associated with the
above diagrams in the following form:
Fig. 4 = −1
2
∫
ddx (µ1 + µ2 + µ3)φ
2 (59)
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(a) (b) (c)
Figure 4: Two external line diagrams
(a) (b)
p
p
p
q
q
p+q
p
p
p
p
q
p+q
(c)
Figure 5: Three external line diagrams
Fig. 5 = − 1
3!
∫
ddx (ζ1 + ζ2 + ζ3)φ
3 (60)
Fig. 6 = − 1
4!
∫
ddx (λ1 + λ2 + λ3 + λ4)φ
4. (61)
In Eq. (59), the terms µi are calculated straightforwardly and the results are
µ1 =
g2
2
∫
ddq
(2π)d
1
(q2)2
= g2
π
d
2
(2π)dΓ(d
2
)
1
d− 4(Λ
d−4
0 − Λd−4NC ) (62)
µ2 =
g4
2 · (3!)2
∫
ddp
(2π)d
1
(p2)3
∫
ddq
(2π)d
1 + cos pθq
q2(q + p)2
=
g4
2 · (3!)2
[ F(3, 1) + G(3, 1; θ) ] (63)
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(a) (b) (c) (d)
Figure 6: Four external line diagrams
µ3 =
g4
2 · (3!)2
∫
ddp
(2π)d
1
(p2)2
∫
ddq
(2π)d
1 + cos pθq
(q2)2(q + p)2
=
g4
2 · (3!)2
[ F(2, 2) + G(2, 2; θ) ] (64)
These coefficients modify the m2 term of L in (57) as,
m2(ΛNC) = m
2(Λ0) + µ1 + µ2 + µ3 (65)
Similarly, for the terms ζ1,ζ2 and ζ3 we have,
ζ1 = 3!
g3
8
∫
ddq
(2π)d
1
(q2)3
=
3
4
g3
2π
d
2
(2π)dΓ(d
2
)
1
d− 6
(
Λd−60 − Λd−6NC
)
(66)
ζ2 = = 3
g5
16 · 3!
∫
ddp
(2π)d
1
(p2)3
∫
ddq
(2π)d
1 + cos pθq
(q2)2(q + p)2
= 3
g5
16 · 3!
[ F(3, 2) + G(3, 2; θ) ] (67)
ζ3 = = 3
g5
16 · 3!
∫
ddp
(2π)d
1
(p2)4
∫
ddq
(2π)d
1 + cos pθq
q2(q + p)2
= 3
g5
16 · 3!
[ F(4, 1) + G(4, 1; θ) ] (68)
The terms ζ1, ζ2 and ζ3 give a correction to the coupling g as,
g(ΛNC) = g(Λ0) + ζ1 + ζ2 + ζ3 (69)
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Note how the effects of noncommutativity appear in the corrections of m2 and g.
Here as in the φ4 theory, in m2 and g, the quantum correction is free of UV/IR mixing
at the limit θ → 0. The coefficients of higher order operators (for example, φ4) can be
derived by taking into account the diagrams drawn in Fig. 6. For the coefficients λi,
we have
λ1 ≡ C4,0,1 = g
4
3!
∫
ddq
(2π)d
1
(q2) 4
=
g4
3!
2π
d
2
(2π)dΓ(d
2
)
1
d− 8
(
Λd−80 − Λd−8NC
)
(70)
λ2 ≡ C4,0,2 = g
6
2 · 3!
∫
ddp
(2π)d
1
(p2)3
∫
ddq
(2π)d
1 + cos pθq
(q2)3(q + p)2
=
g6
2 · 3!
[ F(3, 3) + G(3, 3; θ) ] (71)
λ3 ≡ C4,0,3 = g
6
3!
∫
ddp
(2π)d
1
(p2)4
∫
ddq
(2π)d
1 + cos pθq
(q2)2(q + p)2
=
g6
3!
[ F(4, 2) + G(4, 2; θ) ] (72)
λ4 ≡ C4,0,4 = g
6
3!
∫
ddp
(2π)d
1
(p2)5
∫
ddq
(2π)d
1 + cos pθq
q2(q + p)2
=
g6
3!
[ F(5, 1) + G(5, 1; θ) ] (73)
In addition to the terms (59-61), we may have some higher dimensional derivative
terms. For instance, by expanding the fields φ in (65) the expressions,
∫
ddx η1φ(∂φ)
2 ,
∫
ddx η2φ
2∂φ ,
∫
ddx η3(∂φ)
3 ,
∫
ddx η4φ
2∂2φ , ... (74)
may contribute to (57) with the coefficients ηi proportional to ζ1 + ζ2 + ζ2. The
positivity constraint [21] on the coefficients of the derivative interaction terms and also
higher order operators are concluded from (64) and (70) up to one loop level.
At the end of this section we briefly explain our method and compare it with the
theory of Grosse and Wulkenhaar [16, 17, 18, 19]. The approach of the present work
is based on the fact that noncommutativity is an effective picture of space-time in
the Planck scales where quantum gravity fluctuations change the classical notion of
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space and time. So we expect that noncommutativity is only relevant at very high
energies while in our ordinary scales, space-time is considered to be commutative. In
[16, 17, 18, 19] the term Ω
2
2
(x˜µφ) ⋆ (x˜
µφ) has been considered in order to get rid of
UV/IR mixing problem. This term has important effects only at large distances and is
irrelevant at short distances. So the low energy theory is affected by noncommutativity
but interactions can cure this problem and finally leads the theory be free from UV/IR
mixing problem. We have shown that the same result can be obtained by assuming a
commutative space at low energies and by integrating out the high energy noncommu-
tative modes beyond the scale ΛNC . In the high energy region existence of the harmonic
oscillator term does not change the results of two previous subsection.
4 Noncommutative extra dimension
We first discuss about extra dimension proposed in reference [31]. In a noncommu-
tative theory in addition to noncommutative quadratic IR singularities, there exist
noncommutative logarithmic singularities. The authors of [31] have suggested some
new light degrees of freedom to interpret these logarithmic IR singularities. For ex-
ample, in φ3 theory the logarithmically singular behavior of one loop effective action
present in expression (56) may be reproduced as a Wilsonian effective action arising
from the exchange of new scalar particles χ1 and χ2 which couple to fields φ and have
the propagators,
〈
χ1(p)χ2(−p)
〉
= − 1
3 · 29π3 ln
( p˜ 2 + 1
Λ2
p˜ 2
)
〈
χ1(p)χ1(−p)
〉
=
〈
χ2(p)χ2(−p)
〉
= 0 (75)
The χi fields may be replaced with the continuums of states ψm which have the
ordinary propagators, 〈
ψm(p)ψm(−p)
〉 ∝ 1
p˜ 2
(α′)2
+m2
(76)
where the constant α′ is defined as gµν = − (θ2)µν
(α′)2
. An interpretation for these contin-
uums of degrees of freedom ψm is that they are the transverse momentum modes of
a particle ψ which propagates freely in extra dimensions. It may be imagined that a
d-dimensional space in which the φ particles propagate is a flat d-dimensional brane
residing in a d+n dimensional space. The ψ particles propagate freely in d+n dimen-
sional space but couple to the φ particles on the brane (located at x⊥ = 0). Actually
the theory with free ψ particles in extra dimensions and coupling directly to φ s on
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the brane is exactly equivalent to a theory with particles χ that live on the brane and
have logarithmic propagators [31]. These extra dimensions may be real or simply a
mathematical convenience. In spite of this, it is not necessary in our approach to in-
troduce extra dimensions since the Wilsonian effective action that we rederived is free
from noncommutative IR singularities. Of course, even without continuum states ψm,
the world may have one or more compactified extra dimensions. It is possible that such
compact dimensions are noncommutating [32, 33]. In the rest of this section, we will
discuss these noncommutative extra dimensions in φ3 theory on R1,3 × T 2θ ([32]) where
T 2θ is a noncommutative two-torus whose coordinates x
4 and x5 satisfy
[
x4, x5
]
= iθ. (77)
Since coordinates x4 and x5 have been compactified on a rectangular torus with
boundary conditions 0 ≤ x4, x5 ≤ 2πR, the momentum along the compact dimensions
are quantized as p = n
R
where n = (n4, n5) are integers. To perform the perturbative
calculation, it is better to separate field φ as the commutative fields φ0 containing n = 0
and the noncommutative fields φ containing all modes with nonvanishing n. We make
this separation as follows,
φ0 =
1
(2πR)2
∫
dx4dx5 φ , (78)
and
φ = φ− φ0. (79)
In terms of these definitions, the partition function (57) in six dimensions gets the form,
Z =
∫
Dφ exp (−
∫
d6x
[1
2
(∂φ)2− 1
2
m2φ
2
+
1
2
(∂φ0)
2 − 1
2
m2φ20 −
g
3!
φ ⋆ φ ⋆ φ
−g
2
φ0φ ⋆ φ− g
3!
φ30
])
. (80)
Note that the relation between compactification scale Λc =
1
R
and ΛNC is unknown.
Naturally, there are two possibilities about their relation: Λc < ΛNC or Λc ≥ ΛNC .
If Λc < ΛNC (for example
1
R
< few TeV), the extra dimensions are first probed and
then noncommutative effects appear continuously beyond the scale ΛNC . So, as in the
previous section, we can separate the φ fields into commutative φ fields and noncom-
mutative φNC fields with the momentum ΛNC < k < Λ0. From the Wilsonian point
of view, the φNC fields are integrated out when we calculate the effective action. So
we get an ordinary φ3 theory compactified on T 2. The noncommutativity parameter θ
appears in renormalized mass and coupling constant with a series of higher order irrel-
evant operators. On the other hand, if Λc ≥ ΛNC , the situation will be different. Here,
20
the extra dimensions are noncommutative at all scales. In this region, the perturbation
calculation of nonplanar diagrams shows that the one loop self energy for n 6= 0 gets
the form [32],
Σ = − g
2
(4π)3
( R2
θ2n2
+
5
24
m2 ln
(m2θ2n2
R2
)
+ · · ·) (81)
So the one loop effective action Seff contains quadratic and logarithmic IR singular-
ities. While if R is so large that Λc < ΛNC , the effective action is free from the UV/IR
mixing problem.
5 Conclusion
We have derived a consistent Wilsonian effective field theory for noncommutative φ4
and φ3 theories. The effects of noncommutativity appears in mass, coupling constant
and the Cn,d,i, the coefficients of higher order operators. We have shown that the non-
commutative effective φ3 and φ4 theories are free from the UV/IR mixing problem in
the limit θ → 0. Similarly, all order calculations can also have a soft behaviour and
this result is natural in consequence of our assumption that beyond the scale ΛNC , the
noncommutative effects can be probed. Below this scale, space-time becomes commu-
tative continuously. We also studied the positivity constraint on the coefficients of the
higher order irrelevant operator. These coefficients satisfy this constraint up to one
loop explicitly. The noncommutative extra dimensions were considered in the noncom-
mutative φ3 model. Our results show that if the extra dimensions are large such that
Λc =
1
R
< ΛNC , the noncommutative IR divergences or UV/IR mixing could disappear.
For a similar idea to what is proposed in this paper but in a different context see [26],
and also [34].
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7 Appendix A
The functions F(n,m) and G(n,m; θ) are defined as follows
F(n,m) =
∫
ddp
(2π)d
1
(p2)n
∫
ddq
(2π)d
1
(q2)m(q + p)2
=
1
2
( 2 π d2
(2π)dΓ(d
2
)
)2 ∞∑
r=0
(−1)r Γ(m+ r + 1)
Γ(m)r!(r + d
2
)
∫ 1
0
dx
1
xm(1− x)r+2
×
∫ Λ0
ΛNC
dp pd−2(n+m+r−1)−1
[
(Λ0 + xp)
r+ d
2 − (ΛNC + xp)r+ d2 )
]
(82)
and
G(n,m; θ) =
∫
ddp
(2π)d
1
(p2)n
∫
ddq
(2π)d
cos pθq
(q2)m(q + p)2
=
1
2
( 2 π d2
(2π)dΓ(d
2
)
)2 1
Γ(m)
∞∑
r=0
(−1)r 1
r!(r + d
2
)
∫ 1
0
(1− x)m
∫ ∞
0
dτ τm+r
×
∫ Λ0
ΛNC
dp pd−2n−1 exp
(− τ x(1− x)p2 − 1
4τ
p˜2
)
×
[
(Λ0 +
i
2τ
p˜+ xp)r+
d
2 − (ΛNC + i
2τ
p˜+ xp)r+
d
2
]
(83)
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